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Abstract 

In this paper, the author discusses the elliptic type gradient estimate for the 
solution of the time-dependent Schrodinger equations on noncompact manifolds. 
As its application, the dimension-free Harnack inequality and the Liouville type 
theorem for the Schrodinger equation are proved. 
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1. Introduction 

In [3], Cheng and Yau proved the classical gradient estimate for harmonic functions. 
Later Li and Yau [IP] obtained the following parabolic type gradient estimate for the 
heat equation ut = Am and where the subscript t denotes the partial differentiation with 
respect to the t-variable, A is the Laplacian operator on M. 

Theorem 1.1. {Li — Yau) Let M be an n- dimensional complete manifold with Ricci 
curvature bounded below by —K, K > 0. Suppose that u is any positive solution to the 
heat equation ut = Am in B{xo, 2R) x [to — 2T, to], then for Va > 1, 

IVmP Ut C na^ na^ 

a— <^ + ^ + ^ K 1.1 



m2 m - i?2 2T V2(a - 1^ 



in B{xq,R) X [to — T, to]. Here V denotes the gradient operator on M, and the positive 
constant C depends only on dimension n. 



Recently X.D.Li [9] studied the heat equation Ut = Am + V0 ■ Vm, G C^(M), on a 
manifold with Bakry- Emery's Ricci curvature Ric := Ric — — ;;^V0 V0, where 
the constant m > n, Ric denotes the Ricci curvature of M and m = n if and only if 
= 0. If the curvature condition in Theorem 1.1 is replaced by the following curvature 
condition: 

rTc > -K, (1.2) 

then Li obtained a similar gradient estimate for the heat equation ut = Am + V0 ■ Vu: 

IVmP Ut C ma^ ma^ 

-a— <— + — — + K. 



- R^ 2T V2(a - 1) 

The Bakry- Emery Ricci curvature has some interesting properties. In [13], the author 
established some connections between the Bakry-Emery Ricci curvature and Ricci flow. 
In [15], he also proved some Liouville type theorems for the above heat equation Ut = 
Au + V0 ■ Vu on a Manifold with the Bakry-Emery Ricci curvature. 

As was shown in [10], using (1.1) we can derive the following Harnack inequality: 

, , , x/t2N"Q ,ap^(xi,X2) naK , 

uixuh)<uix2,h)i^)-expi // +^ 77(^2-^1)) 

ti 4(^*2 — ti) V2(a; — 1) 

where \/xi,X2 G M, p{xi,X2) denotes the geodesic distance between xi and X2, and 
< ti < t2 < +00. We notice that from this kind of Harnack inequality we can only 
compare the solutions at different times. In [6], Hamilton got the following elliptic type 
gradient estimate on compact manifolds. From this gradient estimate one can compare 
the solution of two different points at the same time. 

Theorem 1.2. {Hamilton) Let M be a compact manifold without boundary and with 
Ricci curvature bounded below by —K, K > 0. Suppose that u is any positive solution to 
the heat equation Ut = Au with u <C for all {x,t) G M x (0, +00). Then 

IV?/ 1 2 1 C 

^<(- + 2ir)(ln^). (1.3) 

t u 

Recently Souplet and Zhang [17] generalized the elliptic type gradient estimate to 
noncompact manifolds. 

Theorem 1.3. {Souplet — Zhang) Let M be an n-dimensional complete noncompact 
manifold with Ricci curvature bounded below by ~K, K > 0. Suppose that u is any 
positive solution to the heat equation Ut = Au in Q2r,2T = B{xo,2R) x [to — 2T,to], and 
u <C in Q2R,2T- Then 

<Ci{\- + \ + VK){l + \Yi-) (1.4) 



u ~ R u 
in Qr,t- Here the positive constant Ci dependes only on dimension n, moreover Ci 
increases to infinity as n goes to infinity. 
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We know that (1.4) is a local gradient estimate. Letting R — > +00, we can obtain the 
global gradient estimate: 

<Ci(^ + v^)(l + ln-) (1.5) 



u u 
We notice that the constant Ci in (1.5) depends on the dimension n, moreover Ci increases 
to infinity as n goes to infinity, so this gradient estimate cannot be applied to infinite 
dimensional manifolds. However Hamilton's gradient estimate (1.3) does not depend on 
dimension n. In this paper, we want to prove the following dimension-free elliptic type 
gradient estimate for a more general equation — the Schrodinger equation with potential 
h{x, t): 

ut = Au + V(f> ■Vu + hu. (1.6) 

Theorem 1.4. Let M be an n- dimensional complete noncompact manifold satisfying the 
curvature condition (1-2). Suppose that the potential h is a negative function defined on 
M X (0, +00) which is in the x-variable, and that u is any positive solution to the 
Schrodinger equation (1.6) with u <C for all {x,t) G M x (0, +00). Then 

< (4 + v^+|Vv^|^)(l + ln-). (1.7) 



U t2 U 

As proved by Li and Yau in [10] , we can derive the dimension- free Harnack inequality 
for the equation (1.8). We must point out that the dimension-free Harnack inequality 
for the heat equation Ut = Am + V0 ■ Vu was first observed by Wang [TS]. This kind of 
inequality can be widely applied in geometric analysis and probability, more details can 
be seen in Wang's survey article [T9]. 



Corollary 1.1. Let M be an n- dimensional complete noncompact manifold satisfying the 
curvature condition (1-2). Suppose that the potential h is a negative function defined on 
M X (0, +00) which is in the x-variable, and \\/\/--h\ < C2 for a positive constant C2, 
and that u is any positive solution to the Schrodinger equation (1.6) with u < 1 for all 
(x,t) G M X (0,+oo). Then for\/xi,X2 e M, 

u{x2,t) < u{xi,tfe^-^ 

where (3 = exp(— — {\/2K + ^/C^)p) and p = p(xi,X2) denotes the geodesic distance 
between xi and X2- 

When potential h{x,t) = —A, A is a positive constant, (1.6) becomes 

Mi = Am + V0 ■ Vm - Am. (1.8) 

Then we can easily obtain the following dimension-free elliptic type gradient estimate for 
the equation (1.8), which improves Souplet and Zhang's gradient estimate (1.5). 
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Corollary 1.2. Let M be an n- dimensional complete noncompact manifold satisfying the 
curvature condition (1-2). Suppose that u is any positive solution to the equation (1.8) 
with u < C for any (x, t) & M x (0, +oo). Then 

< (1 + v^)(i + ln-). (1.9) 



u t2 u 

We notice that when the solution of (1.8) does not depend on time, the equation (1.8) 
becomes 

Au{x) + V(j){x) ■ Vu{x) - Xu{x) = 0. (1.10) 
From (1.9), letting t — > oo, we have the gradient estimate for the equation (1.10): 

< v^(l + ln-). (1.11) 



u u 



From Schoen and Yau's nice book [TB], it is known that the gradient estimate of the 
positive solution for the equation Am — Am = is that < C{n, K, A), where the positive 
constant C{n,K,X) depends on n, K, A. However the gradient estimate (1.11) doesn't 
depend on A, so this result allows us to deduce the following Liouville type theorem: 

Corollary 1.3. Let M be an n-dimensional complete noncompact manifold with nonneg- 
ative Bakry-Emery's Ricci curvature, i.e. K = in (1.2). Then there does not exist any 
positive and bounded solution to Schrddinger equation (1.10). 

Remark: The Liouville type theorem for the Schrodinger equation was investigated by 
many authors. In [8], [10], [11] and [12], the authors considered the Schrodinger equation 
with nonnegative potential and obtained a similar Liouville type theorem. However in 
our case the potential is negative. In [1], [5] and [7], the authors discussed the Liouville 
type theorem for the Schrodinger equation on parabolic manifolds. However in our case, 
the manifold need not be parabolic. 



2. Proof of Main Theorem and Corollaries 

In this section, we will prove Theorem 1.4 and its corollaries. 

Proof:First we define the operators L = A + and \3 = L — dt- Since u is the 
solution of the equation Dm = —hu, we notice that the solution u is invariant under 
scaling, so we can assume m < 1. Setting / = Ium, w = |Vln(l — /)P, then / < and 
also satisfies the following equation 

□/ = m-^Dm - I V/|2 = -h- I V/|l (2.1) 
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By (2.1), we see that 



□ ln(l - /) = - |Vln(l -f)\' = ^ - fw. (2.2) 

For convenience of computation, we introduce the two curvature operators defined by 
Bakry- Emery [1]. We define the curvature operator F by 

F(/, g) = ^{L{fg) - fig - gLf}, V/, g E C\M) 
It is obvious that 

r(/,/) = |V/p (2.3) 
And the Bakry-Emery curvature operator F2 is defined to be a bihnear map: 
T^U^g) = ^{LT{f,g)-T{Lf,g)~T{f,Lg)}, yf,g G C'{M) 
In particular, we have that 

F2(/,/) = ^{LF(/,/)-2F(L/,/)} 

Through direct calculation, we find that the Bakry-Emery curvature operator F2 also 
satisfies 

F2(/, /) = ^{□F(/, /) - 2F(n/, /)}, V/ G C'{M). (2.4) 

In the sequel, for convenience we sometimes denote F(/, /) and F2(/, /) by F(/) and F2(/) 
respectively. 

By Bochner's formula, under the curvature condition (1.2), we have that 

r2(/) > -KTf, V/ G C\M). (2.5) 

This inequality was proved in pj (see also [9J). 
By (2.2) - (2.5), we know that 

Dw = □F(ln(l - /)) 

= 2F2(ln(l - /)) + 2F(n ln(l - /), ln(l - /)) 

= 2F2(ln(l - /)) + 2F(^, ln(l - /)) - 2F(/w;, ln(l - /)) 

2/i 2lV/il 1 1 
> ~2Kw - - — jw - Y — jw^ + 2(1 - /)w^ + 2/1 Vw|w5 
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> -2Kw - ' '^^ + 2(1 - f)w'^ + 2/|Vw|w^ 



> -2Kw - iVv^P + 2(1 - f)w^ + 2f\Vw\w^ 

where we use the fact that h < 0, < 1 in the above last two inequahties. Hence we 
obtain 

Dw > -2Kw - iVv^l^ + 2(1 - f)w^ + 2/|Vw|wi (2.6) 
Now we choose a cut-off function rj to he a. function on [0, +oo) satisfying 
r]{t) = 1, for < t < 1; r]{t) = 0, for t > 2; 

and 

< ri{t) < 1, -Cri{t)^ < ri'{t) < 0, r]"{t) > -C for Vt > 0. 

Let p{p,x) be the geodesic distance between p and x, and define ijj^x) = v C^^^r^ )- Then 
we have that 

^ R^r] B?!]- R^' ^ ' ' 

and 

^ , / N '']"|VpP n'Lp mC mK , , . 

m^) = +R- " ^ ^^-^^ 

where we use a general Laplacian comparison theorem: Lp < ^^^^ + {m — 1)K under the 
curvature condition (1.2), which was proved by Qian [13j. 

Let (p = tip. Suppose that ipw attains its maximum at the point (xo,to) ^ B{p, 2R) x 
[0, T]. According a well known argument of Calabi[2], we can assume that xq is not in 
the cut locus of p. Then at (xo,to) we have 

d 

V{^w) = 0, A{(pw) < 0, jri^w) > 
Thus we derive that at (xo,to) 

D{^w) < 0, Vw = -—w. (2.9) 

Hence (2.9) implies that at (xo,to) 

ifUw + Difio + 2T{(p, w) <0 
Combining the above inequality with (2.6) and (2.9), we have at (xo,to) 

,2 , o.. ,^ 2 , .JV^Lj, , ^ _ 2|Vv?P 



ip{-2Kw - \VV-h\' + 2(1 - f)w' + 2f^^w^} + Dipuj - ' ^' w < 

ip ip 
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By the Young inequality: 2ab < + b'^ and /< 0, we see at (xq, ^o) 



2|V^p 



-2Kipw - I VV^I V + (1 - f)^w'^ - ' " Iv. w + Oipuj '—^w < 



Multiplying the both sides of the above inequality by yrj! we notice that < < 1, 
< 1 and < 1, then from (2.7) and (2.8) we know at {xo,to) 



3C2 mC mK 



{ifwY - T(2K + + + + - \W^-h\'T' < 

Since t/j — 1 on B{p, R), then we have 

for Vx e S(p, R). Since T is arbitrary, let R +oo, then we obtain 



iViil 



u 



< {— + V2K+ |V\/^|5)(l-lnM) 
t2 



The scaling invariance of u implies (1.7). This completes the proof of Theorem 1.4. 
Now we give the proof of Corollary 1.5: 

Proof: Let 7(5) be a minimal geodesic joining xi and X2, 7 : [0, 1] — > M, 7(0) = X2, 
7(1) = xi. Then by (1.9) 



In 



< 



|7 



ds 

Nu\ 



ds 



u{l — Inu) 



ds 



< 4 + (V2K+ V^)p 

t2 



Then 



Let P = exp(-4 - + VC^)p), (2.10) then implies that 

1 — \nu{xi,t) ^ 1 
1 — lnK(a;2, t) ~ (3 

Through some easy computation, we obtain 

u{x2,t) < uixi^tfe^-'^ 



(2.10) 
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This completes the proof of Corollary 1.5. 

Since the potential in (1.8) is a constant, the term \SJ^/—h\2 in (1.7) is equal to zero. 
So Corollary 1.6 follows by (1.7). Let t ^ oo and A' = in (1.9), then iVlog-ul = 0. 
Thus u must be a constant. From (1.10), we know -u = 0. So there does not exist any 
positive and bounded solution of the equation (1.10). This completes the Corollary 1.7. 

Acknowledgements: The author wishes to express his thank to Professor Z.H.Chen 
and Professor X.P.Zhu for their constant encouragement. 
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